Optimization In Al

Class 03: Gradient Descent

Instructor: Jianhao Ma

Department of Industrial Engineering, Tsinghua University



Announcements

1. Class Rescheduling
| will be traveling for INFORMS.

The November 4 class will be rescheduled.

2. Homework 1
Released today.

Two weeks to complete.

Class 03 - Gradient Descent

Rescheduling Survey
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Today’s Topics

Class 03 - Gradient Descent

01
02
03
04
05

Descent And Stationarity
Smooth Convex Functions
Strong Convexity

Nonsmooth Convex Functions

Frontier: Large Steps
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Convergence Rates And Error Metrics

Assumptions / Method Step Size Certified Quantity And Rate
Smooth, lower bounded 1/L mino<:<7 || VF(xt)||> = O(1/T)
Smooth convex, 1/L Last gap: f(x7)—f*=0(1/T)
minimizer

Smooth strongly convex 1/L Last gap: A7 < (1 —p/L)T A
Convex subgradient, fixed R/(GVT) Averaged gap: f(x7) — f* < RG/VT

At:f(Xt)—f*, )_(T—

Class 03 - Gradient Descent

lzt 0 Xt
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PART 01

Descent And Stationarity



Minimize The Quadratic Upper Model

Recall: f:R? — R has an L-Lipschitz gradient, L > 0.

Lemma (Descent Lemma)

F(y) < F00 4 (VF ),y =)+ 5 lly = x|

Minimize The Model In y

0=VIf(x)+L(y—x)

Class 03 - Descent And Stationarity

=

1
xT=x— ZVf(x).
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Gradient Descent: One-Step Decrease

xt =x—nVFf(x)
) = 100 - (1- 2 ) IVl

| S —
c(n)

Maximize c¢(n) n>0

dn)=1-1Ln=0 = n=1/L.

Lemma (One-Step Decrease Of Gradient Descent)

Fx) < Flx) = 5Tl DFGIP.
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Nonconvex GD: Stationarity Rate

Theorem (Gradient Descent: Stationarity Bound)

Suppose f is L-smooth and f* := inf,crd f(x) > —o0. For x¢y1 = x¢ — Vf(x)/L and
every integer T > 1,

-
f =
0m|n V£ (xt) H2 Z_:OHVf(X H2 ((XOT)).

£n<|51_||Vf(xt)||— O(TY?) = T =0(c?) for estationarity.

Class 03 - Descent And Stationarity
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Proof: Telescope The Decrease

One-Step Progress n=1/L

SV < Floxe) — Fxesa).

Telescope

1 T-1

2L Z HVf(Xt)Hz < f(x0) — f(xT)
t=0
< f(xo) — ™.

Minimum < Average
2L(f(x0) — ")

i f 2 <
mmTllv () lI” < T

0<t<
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PART 02

Smooth Convex Functions



Smooth Convex GD: Convergence Rate

Theorem (Gradient Descent: Sublinear Convergence)
Let f : RY — R be convex and L-smooth, L > 0, with minimizer x*. For
xe41 = Xt — VI(x¢)/L, let R = ||xo — x*||. For every integer T > 1,

2
flor) — £ < 225

Proof 1: Gap Recurrence Proof 2: Potential
2LR? . LR?
T 2T
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Proof: From Descent To A Gap Recurrence

R>0
Smoothness
Derr < Ac — [ VF(x)P
t+1 = At — o Xt )|l -
Convexity
[xe —x*[| <R
Ar <(VF(xe),xe — x7) < V()| [xe — x| < RIVE(x)-
Combine
A2
A Pp—
At+1 > At 7L R2
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Proof: Distance To A Minimizer Does Not Increase

Lemma (Nonincreasing Distance To A Minimizer)

For every t > 0, ||xe41 — x*|| < [[xe — x*|| < R.

Expand The Update

2 VF(x:)?

||Xf+1 X*H2 = ||Xt - X*HZ L <vf(xt)’xf X*> Hfzt)H
2A 2A
*H2 o “/t t

L L

< ||Xt — X

Inequality: Convexity 4+ Descent

IV ()1

f — x> A
<V (Xt)axt X>_ ts 5L

<Ap—Ap <A

Induction: [|xy — x*|| < R.
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Proof: Reciprocal Gap Growth

If R=0or At =0, the claim is immediate. Assume A1 > 0; C = 2LR? > 0.

Smoothness + Descent
0<A <A< ERP=€.

Reciprocals 1 —A;/C >0

1 S 1 S 1 +1
At+1 - At(l —At/C) B At C7 1—=z

>1+z (0<z<1).

Telescope

1>1+T . lar< 1 <2LR2
AT = Do | 2LR? T= A+ T/LR?) T
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Proof 2: From Potential To Rate

Definition (Smooth Convex Potential)

L
th:tAt—i-ED?, Dt: HXt—X*H.

|f¢t+1§¢t FOrOSt<T
L
O7 < P7_y << Po = JRE

L

L
TAT < TAT+ ED% =d7 < 5R2.

Corollary (Gradient Descent: Last-Iterate Bound)

LR?
Ar < — T>1).
r<tt (T2

It Remains To Prove: &4y < &y,
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Proof 2: The Potential Does Not Increase

Expand The Squared Distance n=1/L

L IVF(xo)l1?
S(D? = D2.y) = (VF{xe),xe — ) —
f 2
> Ay — Hv2(z<t)|| convexity
> At descent.

Expand The Potential Change And Substitute

L
Gri1 — O = t(Ary1 — A¢) + Apyr + E(Dt2+1 — D7)

< t(Ap1 — Ae) <0 by descent.

Class 03 - Smooth Convex Functions 16/64



Example: Linear Regression

Ac Rnxd, beR"
1
F(x) = 5/l Ax = b2

Gradient + Curvature
Vf(x)=AT(Ax—b), V?*f(x)=ATA=0.

Smooth Convex Structure
L=[AB (A#£0),  argminf # 2
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Simulation: Linear Regression

d =200, A=diag(v/A1,...,vVA4), b=0
A =10790-D/(d-1) (j=1,...,d), x=1/Vd, L=1

——n=0.25/L-8-n=05/L —4—n=1/L
——n=18/L ----1/(2T): n=1/L

0.03

L0.02
[

Iterations T’
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PART 03

Smooth Strongly Convex Functions



Strongly Convex GD: Geometric Convergence

Theorem (Gradient Descent: Linear Convergence)

Let f : RY — R be L-smooth and j-strongly convex, 0 < p < L, with minimizer x*. GD
with 7 = 1/L satisfies, for every integer T > 1,

flr) — £ < (1) " (F0) — ).
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Proof: The Same Descent, A Linear Recurrence

One-Step Decrease Of Gradient Descent n=1/L
Bei1 < Ac— o [VF(x)|?
t+1 < Be — o7 (xt)
Hon H 2
<D= fhe=(1-F) B VAP 2 2

lterate k=L/u

Ar < (1—p/L)TAg| <e T/FA.

Geometry Guaranteed Decrease Gap Rate
Convex, R >0 A?/(2LR?) Oo(1/T)
Strongly convex (1/L)A¢ Geometric
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Proof: A Stronger Gap—Gradient Relation

Recall Convexity Ay < ||V£(x¢)|| Dy

Strong Convexity: Substitute y = x*

A < (VF(xe),xe — x*) — %Df strong convexity

< IVF(x)|| D — gof Cauchy-Schwarz.
Complete The Square In D;

o IVECIP () IV ||V7F(Xr)||2

IVF(xe)|? = 20
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Potential View: An Exponential Weight

O<p<lL, g=1—pu/Le(0,1)
Definition (Strongly Convex Potential)

q)t = q_tAt.

|f¢t+1§¢tFOI’O§t<T

Or <. < Pg=Ag — AT:qT‘DTSqTAO-

Now Prove Monotonicity: Use A;11 < gl
Gry1— G =g AL — g7,
= q_(tH)(AtH —qA;) <0.

p=L: 0<Ay1<0 = A7r=0(T>1).
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Strongly Convex GD: Distance Convergence

Theorem (Gradient Descent: Distance Contraction)

Let f € C2(Rd) be p-strongly convex and L-smooth, 0 < p < L, with minimizer x*. For
GD with constant 0 < 7 < 2/L,

ry = max{|1 —nu|, |1 —nlL|} <1,

ber =l <l o—xl,  T>1

Step Size Distance Factor r,
1/L 1—p/L

2/(L+p) (L—p)/(L+p)
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Proof: Average The Hessian Along A Segment

er = Xy — x¥, zi(s) =x*+se;, 0<s<1

Fundamental Theorem Of Calculus Vf(x*) =0
Vi(xt) = VIf(xt) — VF(x¥)
_ /O V2 ((s) e ds = Frer,  FHeom /O ' 2F(24(s)) ds.
Strong Convexity + Smoothness Vx
pl =< V2f(x) < LI

Integrate The Bounds

,U//jﬁth/, Pt:ﬁt'
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Proof: Contract The Distance By A Spectral Bound

Exact Error Update B
€t+1 — €t — UVf(Xt) = (I — nHt)Et.

Symmetry + Eigenvalues In [u, L]

A

leerall < 17— nHell2 [lec]

= max 11— nXi(He)l el

max{|1 —npul, |1 — L[} [let]].

m

IN

Iterate The Same Uniform Bound

[bxr = x*I| < 1/ llxo = x*[ |

_ 2 . _ L—p . _ _x
=15 M= pu=L: n=1/L = x3 =x*.
26/64
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Example: Ridge Regression

Quadratic Regularization
1 A
A0 = 5IAx = bIE + SIx% A >0,

Update
Xe11 =Xt — 1 [AT(AXt —b) + )\Xt] .
Curvature
L=Xmax(ATAY + X, = Amin(ATA) + X >0.

n=1/L = g=1—p/L
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Simulation: Ridge Regression

Class 03 -

(1 0 O B T B T

A=1/5, L=6/5 pn=1/5 x;=(5/6,5/6,0)"
——n=025/L—-=-n=1/L ——n=2/(L+p)

——1n =2.05/L----Bound: n=1/L

10*

°
’4

1073

faler) = f3

1077

10"

| |
5 10 15 20 25 30 35
Iterations T’
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Simulation: Ridge Distance To The Minimizer

Class 03 -

A=1/5, L=6/5 pu=1/5 x =(0,0,2)"

—-—n=0.25/L-8-n=1/L ——n=2/(L+p)
——1n=2.05/L----Bound: n=1/L

P—
° r ¢
o

[er — a3
—
jen)
L

—
9
w

—_
9
ot
T

1
5 10 15 20 25 30 35
Iterations T

Smooth Strongly Convex Functions
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PART 04

Nonsmooth Convex Functions



Subgradients Are Supporting Lower Bounds

Definition (Convex Subgradient)

For convex f : R — R,

g €if(x) < f(y) >f(x)+ (g,y —x) Vy e RY.

| 2

1
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Subgradient Method

Setting

Minimize a convex function f : RY — RR; start from xp € RY.

Algorithm

For a constant stepsize 1 > 0,

Xt+1 = Xt — 18t gt € Of(xt). ‘

Output After T Steps

Uniform average X1 of xg, ..., Xx7_1.
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Subgradient: Convergence Rate

Assumptions

f:RY = R is convex and has a minimizer x*.
Ixo — x*|| < R, gt €0f(xt), gt <G (0<t<T).

Theorem (Subgradient Method: Averaged-Iterate Bound)

For integer T > 1 and constant i > 0, use x¢+1 = X — ng¢ and return the uniform
average X1. Then

R2 nG?
S fr < NS
f(xr)—f _277T+ >
R RG
RG>0: n=-—"" — f(x7)—Ff < =
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Proof: A One-Step Distance Bound

1. Expand The Squared Distance

Df 1 = Df —2n(ge, xe — x*) + n°| gt
2. Apply The Subgradient Inequality

f* > f(xe) + (g6, x" —xt) = (g, xe — X*) > A¢.

Using [lg:| < G,
D? ., < D —2nA: +n°G>.

Rearrange

2nAy < D — DZ 4 + n*G>.
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Proof: Telescope And Average

3. Telescope The Distance Terms

T-1
20 A< D — D7+ TG < R* + T’ G
t=0
Jensen's Inequality
T-1
1 R? nG?
f(xr)— <= A < — + —.
(X7) _th_; t_2777_+ >

Minimize The Bound: Balance Its Two Terms R, G >0

R R> 1nG?> RG

eVt T~ 2 2JT
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Diminishing Stepsizes: Weighted Averaging

f:RY — R convex; x* € argminf; ||xo — x*|| < R; R, G > 0.
Xe+1 = Xt — N8, N > 0; along this run, g: € 0f(x¢), ||gt]] < G for all t > 0.
Proof: Sum The Distance Bounds T >1

2n:Ay < D? D,_L+1 +n2G?,

T-1 —
2ZﬂtAt§ R2+G2Zn$

Jensen's Inequality

> ZZ-_OI 77tXt = * R2 + G? Zt 0 nt

XT = . f(XT) —f .
Zt =0 Mt 2Zt o Mt
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The 1/v/t +1 Schedule

Setn, = R/(G\/t+1) t>0;every integer T > 1.
Use S/ 1/k<14log T and 33/ 1/Vk > VT.

Corollary
RG(1+Y/_,1/k) _RG(2+logT
f()?—,—) — f* < ( +TZk—1 / ) < G( + log )
2 1/Vk 2T

Fixed Step Diminishing Step
Learning rate R/(GVT) R/(Gvt+1)
Needs horizon T7? Yes No
Output Uniform average Xt Stepsize-weighted Xt
Gap guarantee RG/VT O(RGlog T/V/T)
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Potential View: Subgradient Convergence

Return To Constant 7 >0 fixed T>1,0<t<T.

Use the subgradient theorem'’s assumptions along this run.

Definition (Subgradient Potential)
t—1

b =D +2) As+ (T — )G,
s=0
f b, <O, For0<t< T &< <Py
¢_D2—|—T262 ® _D2—|—2 ZT—IA
0— Lo n ) T = T n 0 ‘-
S A <07 < 00 < R24 TGP
o De =7 < < :
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Potential View: Rate And Monotonicity

First Recover The Rate: Jensen And Division By 2nT > 0

. R?2 nG2
Fr) —f TZto t—2 T+T

Substitute n = R/(GVT) R,G >0

RG . RG _RG
2T 2T VT

Now Prove ®;,1 < ®;: Use The Distance Bound

f(xr) — F* <

b — b = Dt+1 D? + 2nA; — 2G>
< (=2nD¢ + 17| gell?) +2nAr — 177 G
=n?(lell> -G <0 (0<t<T).
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Example: Lasso

1
Fa(x) = EHAX — b|)? + Alx||1, A > 0.

Ordinary Subgradient Update

8t = /4—|—(/4X1L — b) + )\51_-, St € 8||Xt||1, Xt4+1 = Xt — N8¢-
A Sparse Optimizer: A= 1
b=(2,03)", A=05

x* = sign(b;) max{|b;| — \,0} = x*=(15,0)".

J
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Lasso: Bounded lterates

Assumptions A=1, A>0, 0<n<1 s €0|xtli.

Each coordinate of s; lies in [—1,1], so [|s¢] < V/d.
Bound The Next Iterate Directly

xtr1 = (L —n)xt +n(b — Ast).
With M = ||b|| + \V/d,
[xe41l] < (1 = n)|[xell + oM.

Induction: Set B = max{||xo||, M}
Base: ||xo|| < B. If ||x¢|| < B, then

Ixer1ll < (1 =n)B+nM < B.

[lix| <B forallt>o.
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Lasso: Bounded Subgradients

Same Setting A=/, 0<n<1.
The Trajectory Bound Gives A Subgradient Bound
lgell = Ixe — b+ Ase|| < B+ ||b]| + \Wd = GVt >0.

From xp = 0, The Tuned Step Is Always Admissible
Soft-thresholding gives |x/| < |bj|, hence

R = lxo =7l = [Ix*| < [|b]] < G.
For R > 0 and every integer T >1,0<n=R/(GVT) <1, s0

If R =0, return the already optimal xp.
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Simulation: Subgradient Method For Lasso

A=1 b=(2,03)T, A=0.5 x =0, H=400
R=|x*|, G=2(||bl| +\W2), n=cR/(GVH)<1 forall four runs
st = sign(xt), sign(0) =0

——c=025-8-c=1 —A—c=4
——c =12 ----Prefix bound: c=1 * RG/VH at H
1.2
1
r<
) 0.8
= 0.6
s
= 0.4

200
Iterations T’
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PART 05

Stepsize-Based Acceleration



Main Idea: Stepsize Hedging

Flat direction Steep direction

X X

® Large stepsizes converge faster along low-curvature (flat) directions.
® Small stepsizes converge faster along high-curvature (steep) directions.

¢ Hedging both long and short stepsizes leads to acceleration.
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Chebyshev Steps: Endpoint Convergence

Theorem (Euclidean Error In Exact Arithmetic)

Let f(x) = f* + 3(x — x*) T Q(x — x*), where
Q=Q", oO<u<Ll, w=Q=<LI

For every integer T > 1, there are explicit positive steps 79, ...,n7_1 depending only on
u, L, T such that, for every xp, GD satisfies

;
k—1 L
Ixr —x*] <2 (\f ) bo—xl, w=L.

VE+1 1t
Best constant-step GD Chebyshev steps
O(r:og(1/¢)) O(+/F log(1/¢))
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Step 1: Gradient Descent As A Polynomial

Let e = x¢ — x*. Since Vf(x;) = Qe,

T-1
1= (I —mQer,  er=pr(Qe,  pr(A) = [[ (1 —ne).
t=0

The Spectral Theorem Controls Every Direction

< A :
lerl < \max, I (AM)] ol

H,y

Design Problem: Minimize Worst-Case Error Amplification

T = i Al
T omiy  amay P!
deg(p)<T, p(0)=1

We optimize across all possible eigenvalues in [u, L].
This first allows any polynomial with degree < T and p(0) = 1.
Step 3 will verify positive real roots, hence positive GD stepsizes.
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Step 2: A Polynomial Maximization Problem

Map The Interval And The Normalization Point

L -2\ L
z:JFL“_M, C:LJ—FZ >1,  [wl—[-1,1, 0—c.
Write p(\) = r(z) and ||r][oc = max,¢[—1,17[r(z)|. Then
. :
T = deg"(“r')”gr”r”""'
r(c)=1

Rescale: Small On The Interval <= Large At ¢

Mt = ma s(c), =
T deg(S)éT (c) T T
Is(2)|<1 Vze[-1,1]

Indeed, s = r/||r||oo gives s(c) = 1/||r|loo; conversely,
r=s/s(c) gives r(c) =1 and ||r|loo < 1/s(c) when s(c) > 0.
Stay between —1 and 1 on the interval; grow largest at ¢ > 1.
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Step 2: Alternating Extrema

What Polynomial Grows Largest Outside [—1,1]?
Try alternating between +1 and —1 at T + 1 points:

balance the worst-case deviations across the interval.
Definition: Chebyshev Polynomials
Cr(cosf) = cos(TH), ICr(z)| <1 (ze€[-1,1]).
The cosine addition formula gives the recurrence
G(z) =1, G(z2)=2z, Cmt1(z)=22Cn(z)— Cn-1(2).
Thus Cr is a degree- T polynomial; for example, C(z) = 222 — 1.
Exactly T + 1 Alternating Extrema

7T

zj:cos%, Cr(z) = (-1, j=0,...,T.
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Step 2: Why Chebyshev Is Optimal

Proof By Contradiction deg(s) < T, |s]leo <1
Suppose s(c¢) > Cy(c) > 0 (positivity: the recurrence identity in Step 4).

C
a= ST(S) €(0,1),  h(z) = Cr(z) — as(z).
Alternating Signs Force T Interior Zeros
h(z) = (-1Y —as(z),  las(z)l <1.
Thus h(z;) has sign (—1): one zero in each (zj;1, z),
j=0,..., T —1, by continuity. The T intervals are disjoint.

The Outside Point Gives One Zero Too Many
h(c) = Cr(c) — as(c) =0, c>1
So h # 0 has T + 1 distinct zeros, but deg(h) < T: impossible.
Mt = Cy(c). Attained by s = Ct.
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Step 2: The Optimal Spectral Polynomial

Normalize The Maximizer At ¢

Return To The Spectral Interval

CT<L+M—2>\)
)= — Lk

*(\) =
A

5(0) =1 x |5 = = = o

pT ) [,U,,L] pT CT(C) pT'

Can this optimal polynomial be factored into positive GD steps?
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Step 3: From Roots To Stepsizes

Can Ordinary GD Implement This Polynomial?
The cosine identity gives T distinct roots of Ct:
(2j — 1)m .
= —_ =1,...,T.

Cj COS< 2T 9 J ) )

Mapping them back gives the roots of p%}:
L+upu L—p (2 —rm
7J = 2 - 2 COS< 27— € (/’L7 L)

The Roots And The Value At Zero Determine The Polynomial

T

P*T(A)—H<1—)\_>, nj—l—i>0-

j=1 ny J

Each factor is one GD update; their product gives e = p%(Q)ep.
Thus positive GD steps attain the relaxed minimax optimum.
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Step 4: Bounding The Chebyshev Polynomial

VE—1 L+p 1 1
- 0 1 = — = = .

Compute The Denominator Using The Same Recurrence

Set um = (g~ + q™)/2. It satisfies

up =1, u = c, Umt1l = 2CUm — Um—1.
The initial values and recurrence agree with Cp,(c), so
Crie)=%a T+q")>0
Combine With |Cr(z)| <1 On [-1,1]

T

1 2q T
max |p5(\)| = = <2q'.
Ae[u,u'pT( ) Crie)  1+q7 =1
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Step 5: From Polynomial To Convergence

Symmetry gives @ = VAV, VTV =1, \; € [u, L]. Hence
lerll = llpP7(Q)eoll < [[PT(Q)l[2 [[eoll
= max |p7 (A7) [leoll < 29" eo]l-

From Contraction To Iteration Complexity s=1/+/k € (0,1)

log(1/q) = log Lt :/s

1-s J, 1—-u2

du>2s — qT < e 2T/VE,
For relative error 0 < e < 1/2, it suffices to take

ﬁlogg, T = O(Vrlog(1/e)) .

T>
- 2 €

ﬁ_
Best tant step: n =2/(L , fact .
est constant step: n =2/(L+ u), fac or

A designed sequence improves the condition-number dependence: k — /k.
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From Quadratic To General Convex Objectives

Chebyshev Silver

Fixed quadratic Hessian Q. General convex, [-smooth f.

Known spectral bounds 0 < p < L. A minimizer exists.

A single polynomial p7(Q) controls the An accelerated objective-gap guarantee at
endpoint. selected horizons.

When the Hessian changes, the fixed-@ polynomial argument no longer applies.

Silver Requires A Different Analysis Of The Whole Schedule.
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Silver Schedule: A Seven-Step Trajectory

f(x) = 3014 +x3), x=(L1)T, L=1, =0

—o— Silver schedule -8—n = 1/L
——n=16/L * Silver bound: 7'= 7 only

Silver: 0.00515

0 1 2 3 4 5 6 7
Iterations T’
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Recursive Construction Of The Silver Schedule

ht = Lnta

p=1+2
Hy = [V2], Hii1 = [Hk, 1+ p57Y Hel, k> 1

H; = [V2],
H, = [V2, 2, V2],
Hs =[V2, 2, V2, 2+2, V2, 2, V2].

1 2 4 6 7
Step t + 1
[Hi| = 2% -1

57/64
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Convergence Rate Of The Silver Schedule

Setting And Algorithm
f : R — R convex, L-smooth, L > 0; x* € argmin f; R = |[xo — x*|.

Xt+1 = Xt — (ht/L)Vf(Xt), (ho,...,hT_]_) = Hk.

Theorem (Altschuler—Parrilo (2023), Theorem 1.1)
For every integer k > 1, at the block endpoint T =2k — 1,

fxr)—Fre— R
AR TRV
pk= (T + 1)1, pg = logy(1+ V/2) ~ 1.2716.

Altschuler—Parrilo, Theorem 1.1 and Definition 2.1.
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Worst-Case Error Of Predetermined Schedules

Algorithm Class Fix L > 0 and an integer horizon T.

Xt41 = Xt — ntVf(Xt); 705 ---,N7-1 = 0.
Steps may depend on L, T, but are fixed before the objective and observed gradients.

Definition (Worst-Case Normalized Last-Iterate Error)

F(xr) — F*
Rr(n) = sup -
d>1, f:RY—=R convex, L-smooth (L/2)HX0 - X*”2

x*€argmin f, xg7#x*
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Ma—Chen Lower Bound For Predetermined Steps

Same Class: Predetermined, Nonnegative GD Steps
Theorem (Ma—Chen (2026), Theorem 2.1)

Let pyc = V2 + /3 ~ 1.9319. For every p € (puc, 2) there is ¢p > 0 such that,
for every T > 1 and every such schedule,

Cp

Rr(n) > m

Consequence
No uniform O(T~2) last-iterate guarantee in this algorithm class.

Ma—Chen, A Lower Bound For Stepsize-Based Acceleration Of Gradient Descent.
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Ye—Liu Lower Bound And The Silver Exponent

Same Class And Normalization

Theorem (Ye-Liu (2026), Theorem 1.1)
There is an absolute Cyp > 0 such that, for every sufficiently large T

and every predetermined nonnegative schedule,

loglog T

R > 7 (Psutd7) 5+ = C
T(77) 2 s T 0 log T

Consequence For Uniform Convergence Rates
For every fixed € > 0, no uniform O(T~(Ps1)) guarantee.

Ye—Liu, Silver Rate Is (Almost) Optimal For Gradient Descent.
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Convergence Rates: Scheduling And Momentum

Common Setting  General convex, L-smooth f with a minimizer.

Metric: last-iterate objective gap; scale: LR?.

Method

Gap Upper Bound

Mechanism / Endpoint

GD, constant 1/L

GD, silver schedule

Nesterov acceleration

oY)

O( T71'2716"')

o(T2)

One-step descent; every T

Long steps;
T=2-1

Momentum update; every T
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Summary Of Convergence Guarantees

Setting Step Choice Output And Certificate
Smooth, lower bounded ~ 1/L min:<7 || VF(x)||> = O(1/T)
Smooth convex 1/L Last gap < LR?/(2T)
Smooth strongly convex  1/L Last gap < (1 — /L) Ag
Subgradient (fixed) R/(GVT) Averaged gap < RG/\/'T
Smooth convex, silver Hy/L Last gap O(LR?/T12716-)
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