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Evolution of Deep Learning Optimizers
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The Quest to Dethrone Adam
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Muon performs well in practice

Companies are using Muon to train LLMs: OpenAl, DeepSeek,
Moonshot Al, Z.ai, ...
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Muon algorithm
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Muon algorithm

olain, /(6)
Muon: fort=10,1,---

B, =V f(0,) + uB;_ (gradient + momentum)
0.1 = 6, — n, msign(B;) (spectral orthogonalization)



Muon algorithm

olain, 1(6)
Muon: fort=0,1,---
B, =V f(0:) + pBi (gradient + momentum)
0.1 = 6, — 1 msign(B;) (spectral orthogonalization)

e msign(Z):=UV' if ZhasSVD Z =UXV'

matrix sign function




Muon algorithm

oin, 1(6)
Muon: fort=0,1,---
B, =V f(0,) + uB;_ (gradient + momentum)
0.1 = 6, — 1 msign(B;) (spectral orthogonalization)

Simplified Muon (or spectral gradient method): for t = 0,1, - --
0,1 = 6, — n; msign (Vf(Ot)) (no momentum)



Newton-Schulz iteration

In practice, we use Newton-Schulz iteration to approximate the
matrix sign, whose overhead is just ~ 1 to 3%.

Newton-Schulz(5): given matrix Z and coefficients (a, b, c)

Set Oy = Z/ || Z||;
For k=0,...,4:

Opy1  ¢(Oy) == a Oy +b(0,0] ) Oy + ¢ (0,0] )" O,



Newton-Schulz iteration (cont’d)
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Existing theoretical analyses of Muon

Generic analysis: Bernstein, Newhouse '24, Kovalev '25, Li,
Hong '25, Chen et al. '25, An et al. '25, ...

One-step analysis: Davis, Drusvyatskiy '25, Su '25, ...

Generalization: Tveit et al. '25, Vasudeva et al. '25, Wang et
al. '25, Zhang et al. 25, ...

Earlier work: Carlson et al. '15, Gupta et al. '18, Tuddenham
et al. 22, Vyas et al. '25, ...



Can we develop end-to-end theory to show provable benefits of
Muon over other optimizers?




This talk: end-to-end theory of simplified Muon
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This talk: end-to-end theory of simplified Muon

preconditioning effect

X1
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This talk: end-to-end theory of simplified Muon (case studies)

preconditioning effect

® matrix factorization

® in-context learning of linear transformers
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Matrix factorization

1
minimize f(U) = |UUT - M

e M™* > 0: rank-r

11



Matrix factorization

1
minimize f(U) = |UUT - M

e M™* > 0: rank-r
e Condition number: kK := oyax(M™) /T min (M™)
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Matrix factorization

minimize f(U) = leHUUT - M*Hi

UeRka
e M™* > 0: rank-r

e Condition number: kK := oyax(M™) /T min (M™)

® k= r: exact parameterization;

k > r: over-parameterization
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Matrix factorization

minimize  f(U) = leHUUT — M*Hi

UcRdxk

simplified Muon:

Ui 1 = Uy — n msign ((UtUtT - M*)Ut>
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Matrix factorization

1
mUir;%QXi%e fU) = ZHUUT — M*Hi

simplified Muon: U, = U; — 1; msign ((UtUtT — M*)Ut)

GD: Uy = U, — (U, — M*)U,)
vS.  SignGD : Uy = U, — 1 sign (DU, — MU,

—
simplified Adam
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Simulation results
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Loss vs. iterations for matrix factorization with varying condition numbers
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Convergence theory of Muon

simplified Muon: Uy, = U, — ny msign (U U, — M*)U)
Theorem 1 (exactly parameterized (k = 7))

® Stepsize: 7 = Chin/Orax P for 23 < p <1, Cpy S Unif(1,2)
e |nitialization: Uy = @O w/ random orthonormal O and small «
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Convergence theory of Muon

simplified Muon: U,y = U, — n, msign (U U, — M*)Uy)
Theorem 1 (exactly parameterized (k = 7))

o Stepsize: 7 = Clyyy/Th o' for 23 < p < 1, Cyy "% Unif (1, 2)
e |nitialization: Uy = @O w/ random orthonormal O and small «

With prob. at least 0.99, one has HUTUQT — M*H <eif

1 1607
T — 1 max
1—p Og((l - p)28)

13



Convergence theory of Muon (cont’d)

simplified Muon: U, ; = U; — 1; msign ((UtUtT — M*)Ut)
Theorem 1 (mildly over-parameterized (r < k < d))

o Stepsize: 1)y = Cypyr/0rns o' for 23 < p < 1, Cpy ' Unif(1, 2)
e |nitialization: Uy = @O w/ random orthonormal O and small «

With prob. at least 0.99, one has HUTU:,T — M*H <ceif

1 1
Tzlog(GamaX)
L—p “\(1—-p)
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Convergence theory of Muon (cont’d)

simplified Muon: U, ; = U; — 1; msign ((UtUtT — M*)Ut)

Theorem 2 (heavily over-parameterized (k > d))
® Stepsize: 1, = Cp\/0ha p! for 12 < p < 1, C,, ~ Unif(1,2)
e |Initialization: Uy = aO w/ orthonormal O, 0 < a < €,/ A%

max
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Convergence theory of Muon (cont’d)

simplified Muon: U, ; = U; — 1; msign ((UtUtT — M*)Ut)

Theorem 2 (heavily over-parameterized (k > d))
® Stepsize: 1, = Cp\/0h i p" for 12 < p < 1, C,, ~ Unif(1,2)

e Initialization: Uy = O w/ orthonormal O, 0 < a < Cn\/@
With prob. 1, one has HUTUIT = M*H <eif

1 8a*
T > 1Og<‘7max>
1—0p €
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Comparison with other optimizers

® GD: needs /flog% iterations
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Comparison with other optimizers

® GD: needs /ilog% iterations

® SignGD (simplified Adam): needs (k) iterations

Theorem 3 (lower bound for SignGD (simplified Adam))

Consider SignGD w/ non-increasing stepsizes and 79 < 1/16.
—2

There exists a problem instance such that: for any ¢ < &
SignGD w/ warm start needs at least

k—1

iterations to yield € accuracy
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Comparison with other optimizers (cont’d)

algorithm parameterization # of iterations paper
) - exactly-parameterized log 1 this work
simplified Muon _ . _
over-parameterized log - this work
exactly-parameterized H,log% Chi et al. '19
GD over-parameterized K3 log% Stoger et al. '21
lower bound K log% folklore
SignGD lower bound K this work
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Analysis: scalar case (d = 1)

Ui = U, — n msign (UU," — M*)U,),

t=0,1,---
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Analysis: scalar case (d = 1)

Oty1 — Ot — Tt Sign (U?_A*Ut)a t:0)17
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Analysis: scalar case (d = 1)

Oty1 — Ot — Tt Sign (U?_A*O't)a t:())la

linear convergence: using 1y = C\/|\*| pf for C > 1, p € [1/2,1):
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Analysis: scalar case (d = 1)

Ot41 = O¢ — 1) SIgN ( )\*at) t=0,1,---

linear convergence: using 1y = C\/|\*| p’ for C > 1, p € [1/2,1):

o, — )\*] < |M*]p?  (constant convergence rate)

18



The case w/ exact subspace alignment

M* — V*A*V*T
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The case w/ exact subspace alignment

M* = V*A*V*T
ifUp= V_ SoR' for ortho R, then

exact subspace

19



The case w/ exact subspace alignment

M* = V*A*V*T
ifUy= V_ YoR' for ortho R, then

exact subspace
Uiy1 = Uy — nymsign ((UtUtT - M*)Ut)
= V*'5,R" — nV*diag{sign(Z} - A*Z) IR’

subspace is preserved
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The case w/ exact subspace alignment

U1 = Uy — 1y msign ((UtUtT - M*)Ut>
= V*'SR" — n,V*diag{sign(Z; — A*Z) IR’

subspace is preserved

]
spectral dynamics:

u
i1 =X — ntdiag{sign(E? — A3}

19



The case w/ exact subspace alignment

Spectral dynamics of Muon decouple into d scalar sequences:
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The case w/ exact subspace alignment

Spectral dynamics of Muon decouple into d scalar sequences:
® cach sequence converges linearly w/ constant conv. rates

O1t

AT
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Analysis: more general case

Subspace alignment?
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Analysis: more general case

Subspace alignment?
® always guaranteed when heavily over-parameterized (k > d)
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Analysis: more general case

Subspace alignment?
® always guaranteed when heavily over-parameterized (k > d)

® approximately satisfied under small initialization (r < k < d)

U, =~ U, — 1 msign (M_ M*Uo)

21



Analysis: more general case

Subspace alignment?
® always guaranteed when heavily over-parameterized (k > d)

e approximately satisfied under small initialization (r < k < d)
U, = U, — nymsign (UeUg Uy — M*U,)

o challenge: avoid blow-up of approx. error over time

21



Hessian perspective: connection to ScaledGD

e \/ector form of Muon:

-1

1/2
vec(U; 1) = vec(Uy)—n, (I ® (V) VU)) / ) vec(Vf(Uy))
e ScaledGD update:
T -1
vec(Uy11) = vec(Uy) — e [ @ (U, Uy)) vec(V f(UY)).
® ScaledGD has condition-number-free convergence rate log%

(Tong, Ma, Chi '21).
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Connection to ScaledGD
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Block-diagonal structure in NN
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(a) Hessian of a MLP (b) Hessian of a MLP (c) Hessian of a MLP (d) Hessian of a MLP
(Collobert, 2004) at initialization at 50% step at 100% step

Figure: Adopted from Zhang et al. '25
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Why does SignGD fail?

® SignGD only uses a diagonal preconditioner

w1 = wg — n diag {vec(V f(U)))| ' jvec(V (Uy)),

which cannot capture the block diagonal structure.

How to rigorously show SignGD is slow?

(1)

25



Construction of a bad instance

e Qur plan: find a bad instance of a 2-d quadratic problem

N L
minimjze f(z) = 5% Hz.
Then, reduce our problems to this one.
® Adam performs well when H is (nearly) diagonal [1].

e Bad instance with condition number k:

1 (k+1 K—1
H_2</-£—1 /£+1)'
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Coordinate update pattern

Upon defining z; = % (_11 1) z;, we have:

Lemma

o |f ‘/{gl,t‘ > "ZVQA, then

Zriv1 = Z1e — V21 sign(Z1y), 22441 = Zo4.

o |f ‘Hgl,t‘ < ‘22,t|1 then

2141 = 21ty Zogr1 = Zog — V21 sign(Zay).

()

(3)
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Key intuition

e When |kZ1¢| > |Z24], we only
update Zj 4;
e When |kZ14| < |Z2.4], the learning

rate 1, is already small;

e We need O(k) iterations to make
|Z2.4| small.

21t

e

— 1 Z24|

28



Concluding remarks

I9 To

Muon [/
X

I9 Zo

=2

1 1

For matrix factorization & ICL of linear transformers:
® Muon: condition-number-free fast convergence

o spectral dynamics: decouple into independent scalar
sequences

® Adam: slow convergence if Hessian is not nearly diagonal
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Concluding remarks

) Zo ) To
Adam [/ Muon [/
T I
* *

Future directions:
e understand benefits of momentum

® more case studies (recently, Gonon et al. '26, Li et al. '26, ...

e general theory that demonstrates benefits of Muon
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