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Matrix completion

Goal
Recover a low-rank matrix from a subset of its entries.

In general, we cannot infer missing ratings
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Underdetermined system (more unknowns than observations)

Matrix recovery 11-5

(a) matrix completion

Noisy low-rank matrix completion

observations: Mi,j = M�
i,j + noise, (i, j) � �

goal: estimate M
�

unknown rank-r matrix M
� � Rn�n
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sampling set �

convex relaxation:
minimize
Z�Rn�n

�

(i,j)��

�
Zi,j �Mi,j

�2

� �� �
squared loss

+ ��Z��
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(b) matrix factorization1

1Adapted from https://yuxinchen2020.github.io/slides/NoisyMC_slides.pdf
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Mathematical formulation

Unregularized nonconvex optimization

min
U2Rd⇥r0

f(U) =
1

4p

���P⌦(X
? � UU

>)
���
2

F
=

1

4p

X

(i,j)2⌦

⇣
X

?
i,j � [UU

>]i,j
⌘2

.

• X
? is a PSD matrix with rank r ⌧ d.

• Search rank: Overparameterization (r0 > r) v.s. exact-parameterization (r0 = r).

• Bernoulli sampling model: 1{(i,j)2⌦}
i.i.d.⇠ Ber(p).
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Incoherence

• Incoherence: X
? = V

?⌃?
V

?> satisfies kV ?k2,1 
q

µr
d where µ � 1 and

kAk2,1 := maxi {kAi,·k}.

• Incoherence determines the di�culty (sample complexity) of matrix completion.

2

6664

1 0 0 · · · 0
0 0 0 · · · 0
...

...
...

0 0 0 · · · 0

3

7775

| {z }
hard µ=d

v.s.

2

6664

1 1 1 · · · 1
1 1 1 · · · 1
...

...
...

1 1 1 · · · 1

3

7775

| {z }
easy µ=1
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Prior arts

• Gradient descent (GD): Ut+1 = Ut � ⌘rf(Ut).

• GD and its variants converge to the global minimum e�ciently for matrix sensing
and other similar problems in both exactly and over-parameterized settings [CLC19].

• Their analysis relies on the restricted isometry property (RIP).

• Matrix completion only satisfies RIP in the incoherent region
n

U : kUk2,1 .
q

µr
d

o
.
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Prior arts (cont.)

• Explicit regularization: add extra regularizer [GJZ17] or projection [ZL16].

• Implicit regularization:

◦ Local result [MWCC18]: Suppose that 1 r
0 = r; 2 U0 is close to U

? = X
?1/2.

Then Ut converges to U
? at a linear rate.

◦ Global result [KC22]: Suppose that 1 r
0 = r = 1; 2 U0 ⇡ 0. Then Ut converges to

U
? at a linear rate.

Question: Does GD with small initialization converge to the true solution in the
general rank-r and overparameterized setting?
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Overview of our results

Algorithm Sample complexity Computational complexity Global Exact Over-param.

[MWCC18] dr
3 log3(d) 

2 log
�

1
✏

�
8 4 8

[CLL20] dr
2 log(d) 

2 log
�

1
✏

�
8 4 8

[KC22] d log22(d) log
�

1
✏

�
4 Q 8

Ours (Thm 1) dr
9 log8(d) 

4 log
�

1
✏

�
4 4 8

Ours (Thm 2) dr
9 log2(d) log6 �

1
✏

�


4 log4 �
1
✏

�
4 4 4

• Q This result only holds for r0 = r = 1.

•  is the condition number.
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Exactly-parameterized regime

Ut+1 = Ut � ⌘rf(Ut), where U0 = ↵B (GD)

Theorem 1 (Thorem 3 in [MF24])

Suppose that the sampling rate p & 6µ4r9 log8(d)
d . Consider GD with the step-size

⌘ ⇣ µrp
pd�?

1
and the initial point U0 = ↵B, where ↵ ⇣ �?

r
1.5d . Given any accuracy ✏ > 0,

with probability at least 1�O
�

1
d3

�
and after T . 1

⌘�?
r
log

�
1
✏

�
iterations, we have

���UTU
>
T � X

?
���
F
 ✏.
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Overparameterized regime

Theorem 2 (Thorem 2 in [MF24])

Suppose that the sampling rate p & 6µ4r9 log6( 1
↵ ) log2(d)

d . Consider GD with the step-size

⌘ ⇣ µrp
pd�?

1
and the initial point U0 = ↵B, where 0 < ↵ 

q
�?
1
d . With probability at least

1� 2
d3 , after T . 1

⌘�?
r
log

�
1
↵

�
iterations, we have

���UTU
>
T � X

?
���
F

.
s

�?
1

2µr2

p
↵.

Remark: To achieve ✏-accuracy, it su�ces to set ↵ .
q

p
�?
1

2µr2 ✏.
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Proof outline

• Dynamic signal-residual decomposition (similar to [LMZ18]
2
): Project each

iterate Ut onto a dynamic rank-r subspace Vt and its complement:

Ut = PVtUt| {z }
rank-r

+P?
Vt

Ut| {z }
⇡0

.

• Weakly-coupled leave-one-out (WC-LOO) analysis: Show that the implicit
regularization e↵ect of the low-rank part PVtUt:

kPVtUtk2,1 .
r

�?
1µr

d
, 8t = 0, · · · , T.

2COLT 2018 best paper award.
10 / 17



Proof outline

• Dynamic signal-residual decomposition (similar to [LMZ18]
2
): Project each

iterate Ut onto a dynamic rank-r subspace Vt and its complement:

Ut = PVtUt| {z }
rank-r

+P?
Vt

Ut| {z }
⇡0

.

• Weakly-coupled leave-one-out (WC-LOO) analysis: Show that the implicit
regularization e↵ect of the low-rank part PVtUt:

kPVtUtk2,1 .
r

�?
1µr

d
, 8t = 0, · · · , T.

2COLT 2018 best paper award.
10 / 17



Classic leave-one-out analysis

• Idea: decouple the statistical correlation between algorithm and train set.

• Leave-one-out sequences: For each 1  l  d,
n

U
(l)
t

o
is generated by

U
(l)
t+1 =

✓
I � ⌘

1

p
P⌦(l)

⇣
U

(l)
t U

(l)>
t � X

?
⌘◆

U
(l)
t .

2

66664

1 0 0 1 0
0 1 1 0 0
0 0 0 1 0
1 0 1 0 0
0 1 0 0 1

3

77775

| {z }
sampling matrix ⌦

=)

2

66664

1 p 0 1 0
p p p p p

0 p 0 1 0
1 p 1 0 0
0 p 0 0 1

3

77775

| {z }
leave-one-out version ⌦(2)

Key observation: The l-th row of U
(l)
t is deterministic for all t!
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Control incoherence

kUtk2,1  max
1ld

⇢����
⇣
U

? � U
(l)
t R

(l)
t

⌘

l,·

����

�

| {z }
leave-one-out error

+ max
1ld

n���Ut � U
(l)
t H

(l)
t

���
F

o

| {z }
proximal error

+

r
�?
1µr

d
.

• Leave-one-out error: By our construction of ⌦(l), the leave-one-out error is
deterministic!

• Proximal error: Suppose that Ut ⇡ U
?. Then, due to the local restricted strong

convexity of the loss function, the proximal error decreases geometrically fast.
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Local minimum v.s. saddle point

• U
?
is a local minimum: The distance between Ut and U

(l)
t decreases linearly.

• 0 is a saddle point: Under small initialization, the distance between Ut and U
(l)
t

increases exponentially fast.

(a) U? is stable (b) 0 is unstable

Figure: Gradient flow around U⇤ and 0.
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Weakly-coupled leave-one-out sequences

Ut+1 =

✓
I � ⌘

1

p
P⌦

⇣
Vt⌃tV

>
t � X

?
⌘◆

Ut

U
(l)
t+1 =

✓
I � ⌘

1

p
P⌦(l)

⇣
V

(l)
t ⌃(l)

t V
(l)>
t � X

?
⌘◆

U
(l)
t

eU (l)
t+1 =

✓
I � ⌘

1

p
P⌦(l)

⇣
eV (l)
t ⌃t

eV (l)>
t � X

?
⌘◆

eU (l)
t

Ut

U
(l)
t eU (l)

t

Key observation: eU (l)
t is much closer to Ut than U

(l)
t since we replace ⌃(l)

t with ⌃t.

2Here we define ⌃t = V >
t UtU

>
t Vt 2 Rr⇥r.
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Jianhao Ma
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Jianhao Ma

Jianhao Ma
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Jianhao Ma

Jianhao Ma
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Control incoherence via WC-LOO analysis

kUtk2,1  max
1ld

⇢����
⇣
U

? � eU (l)
t

eR(l)
t

⌘

l,·

����

�

| {z }
WC-LOO error

+ max
1ld

n���Ut � eU (l)
t

fH(l)
t

���
F

o

| {z }
WC-proximal error

+

r
�?
1µr

d

• Good news ,: The WC-proximal error grows mildly for all 0  t  T .

• Bad news /: The WC-LOO error is no longer deterministic since we use ⌃t.

• Good news ,: ⌃t is an r ⇥ r small matrix. Hence, we can use a dynamic covering
trick to bound the deviation uniformly. The price is to increase the sample
complexity by a poly(r) factor.
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Take-home message

• GD with small initialization converges to the ground truth without any explicit
regularization.

• It achieves nearly optimal sample complexity and computational complexity.

• We propose a powerful tool called weakly-coupled leave-one-out analysis, which can
decouple the statistical correlation between algorithm and training dataset in the
nonconvex regime.
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