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Matrix completion

Recover a low-rank matrix from a subset of its entries.
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(a) matrix completion
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(b) matrix factorization?

! Adapted from https://yuxinchen2020.github.io/slides/NoisyMC_slides.pdf
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Mathematical formulation

Unregularized nonconvex optimization

2, 10 = [P ~0UT = 5 (- o)
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Mathematical formulation

Unregularized nonconvex optimization
1 2 1 2
w50 = L [race v = L S (xt - woTh,)”
Jmin f(U) = |Pax—ou)|| 4p(.§‘ (Xt - OUTLy)

® X* is a PSD matrix with rank » < d.
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Mathematical formulation

Unregularized nonconvex optimization

2, 10 = [P ~0UT = 5 (- o)

® X* is a PSD matrix with rank » < d.

e Search rank: Overparameterization (r' > r) v.s. exact-parameterization (r' = r).
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Mathematical formulation

Unregularized nonconvex optimization

2, 10 = [P ~0UT = 5 (- o)

® X* is a PSD matrix with rank » < d.

e Search rank: Overparameterization (r' > r) v.s. exact-parameterization (r' = r).

* Bernoulli sampling model: 1;(; jcq; S Ber(p).
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Incoherence

® Incoherence: X* = V*3*V*T satisfies Va0 < /7 where > 1 and
[ Al 00 := max; {[|Ai.[|}.
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Incoherence

® Incoherence: X* = V*3*V*T satisfies Va0 < /7 where > 1 and
[ Al 00 := max; {[|Ai.[|}.

¢ Incoherence determines the difficulty (sample complexity) of matrix completion.
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Prior arts

¢ Gradient descent (GD): Uy, = U; — nV f(Uy).
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® GD and its variants converge to the global minimum efficiently for matrix sensing
and other similar problems in both exactly and over-parameterized settings [CLC19].
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Prior arts

Gradient descent (GD): Uy, = U; — nV f(Uy).

GD and its variants converge to the global minimum efficiently for matrix sensing
and other similar problems in both exactly and over-parameterized settings [CLC19].

Their analysis relies on the restricted isometry property (RIP).

® Matrix completion only satisfies RIP in the incoherent region {U Uy 00 S ,/%}.
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Prior arts (cont.)

e Explicit regularization: add extra regularizer [GJZ17] or projection [ZL16].
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Prior arts (cont.)

e Explicit regularization: add extra regularizer [GJZ17] or projection [ZL16].

® Implicit regularization:
o Local result [MWCC18]: Suppose that (D) 7' = r; (2) Uy is close to U* = X*1/2,
Then Uy, converges to U™ at a linear rate.

o Global result [KC22]: Suppose that 1) 7' = = 1; (2) Uy =~ 0. Then U, converges to
U™ at a linear rate.
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Prior arts (cont.)

e Explicit regularization: add extra regularizer [GJZ17] or projection [ZL16].

® Implicit regularization:
o Local result [MWCC18]: Suppose that (D) 7' = r; (2) Uy is close to U* = X*1/2,
Then Uy, converges to U™ at a linear rate.

o Global result [KC22]: Suppose that 1) 7' = = 1; (2) Uy =~ 0. Then U, converges to
U™ at a linear rate.

Question: Does GD with small initialization converge to the true solution in the

general rank-r and overparameterized setting?
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Overview of our results

Algorithm Sample complexity | Computational complexity | Global | Exact | Over-param.
[MWCC1g] dr®log*(d) w2 log (1) x v X
[CLL20] dr? log(d) w?log (1) X v x
[KC22] dlog?(d) log (1) v * x
Ours (Thm 1) dr®log®(d) k' log (¢) v i X
Ours (Thm 2) | dr®log”(d) log® (1) w*log (7) v v v

e %k This result only holds for ' = r = 1.

® x is the condition number.
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Exactly-parameterized regime

\UM = U, —nVf(U,), where U= aB\ (GD)

Theorem 1 (Thorem 3 in | 1)

9
Suppose that the sampling rate p > %10;5() Consider GD with the step-size
and the initial point Uy = aB, where o < f’*gd Given any accuracy € > 0,

77 - \/* *
with probab|I|ty at least 1 — O(5) and after T’ <

~ 7]0—*

log (1) iterations, we have

HUTUQT -x7| <
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Overparameterized regime

Theorem 2 (Thorem 2 in | 1)

k8479 log® ( i) log? (d)

Suppose that the sampling rate p = . Consider GD with the step-size

n = _\/17%7 and the initial point Uy = aB, where 0 < a@ < 4/ %f. With probability at least
1
1— d%' after T' < L log (é) iterations, we have

mMo.
%202
O1K T
< arTe
F" P

Remark: To achieve e-accuracy, it suffices to set a < |, /—+5—e.
~ orK2pr

HUTUIT _ X
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Proof outline

* Dynamic signal-residual decomposition (similar to [LMZ18]?): Project each
iterate U; onto a dynamic rank-r subspace V; and its complement:

U, = PVtUt-l-P‘J}tUt-
\‘/-/ \—V—/

rank-r ~0

2COLT 2018 best paper award.
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Proof outline

* Dynamic signal-residual decomposition (similar to [LMZ18]?): Project each
iterate U; onto a dynamic rank-r subspace V; and its complement:

U, = Py,U; + Py, U .
\V—/ \—v—/

rank-r ~0

® Weakly-coupled leave-one-out (WC-LOO) analysis: Show that the implicit
regularization effect of the low-rank part Py, U;:

[o¥ur
HPViUt”Zoo ~ %7 Vi=0,---,T

2COLT 2018 best paper award.
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Classic leave-one-out analysis

® |dea: decouple the statistical correlation between algorithm and train set.
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Classic leave-one-out analysis

® |dea: decouple the statistical correlation between algorithm and train set.

® | eave-one-out sequences: Foreach 1 <[ <d, {Ut(l)} is generated by

1
Ui = (I . Poo (G0 - X*)) u".

10010 1 p 010
01100 P pppPD
00010 = 0p 010
10100 1 p100O0
01001 0p 001

sampling matrix 2 leave-one-out version Q(2)
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Classic leave-one-out analysis

® |dea: decouple the statistical correlation between algorithm and train set.

® | eave-one-out sequences: Foreach 1 <[ <d, {Ut(l)} is generated by

1
Ut(—l&-)l = <I - 771;739(0 <Ut(l)Ut(l)T - X*)> Ut(l)'

1 0 010 1 p 010
01100 p pppDp
00 0160 - 0O p 010
1 01 00 1 p 1 00
01 0 01 0 p 0 01
sampling matrix 2 leave-one-out version £2(2)

Key observation: The [-th row of Ut(l) is deterministic for all ¢!

11/17



Control incoherence

1<i<d

T <l>H oypr
s (o - o0 e

[Tl < max {H<U* U R ‘

~
leave-one-out error proximal error

¢ | eave-one-out error: By our construction of Q(l), the leave-one-out error is
deterministic!
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Control incoherence

orur
o b s {00 )
leave-one-out error proxile error

max {H (U - Ut(l)thl))l’_‘

||2OO_1§l§d

¢ | eave-one-out error: By our construction of Q(l), the leave-one-out error is
deterministic!

® Proximal error: Suppose that U; = U*. Then, due to the local restricted strong
convexity of the loss function, the proximal error decreases geometrically fast.
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Local minimum v.s. saddle point

(a) U™ is stable (b) 0 is unstable

Figure: Gradient flow around U™ and 0.
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Local minimum v.s. saddle point

e U* is a local minimum: The distance between U; and Ut(l) decreases linearly.

(a) U™ is stable (b) 0 is unstable

Figure: Gradient flow around U™ and 0.
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Local minimum v.s. saddle point

e U* is a local minimum: The distance between U; and Ut(l) decreases linearly.

® 0 is a saddle point: Under small initialization, the distance between U; and Ut(l)
increases exponentially fast.

(a) U™ is stable (b) 0 is unstable

Figure: Gradient flow around U™ and 0.
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Weakly-coupled leave-one-out sequences

original sequence
classic LOO sequence

1
Uyt = (I — P (vi=v, - X)) U, T

1
U = (I . Poo (VUSIWOT - X*)) U’

U®

_ 1 - ~ -
Ut(i)1 = (—7 - 771;7352(0 (W(I)ELW(Z)T - X*>> U,

WC-LOO sequence

Key observation: ﬁt(l) is much closer to U; than Ut(l) since we replace Egl) with 3.

2Here we define 3 = V,' U, U," V; € R"™*".
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Control incoherence via WC-LOO analysis

=) 1) H =10 ~(1>H forpr
< =
Ul 1H<1la<Xd{H - U, Rt >l,-H}+1rgza<Xd{ U —U; H, F}+ d

WC—LOO error

® Good news ©: The grows mildly for all 0 <t < T
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Control incoherence via WC-LOO analysis

1Utll5 o < max {H Ut(l R} )> H} + max {HUt - ﬁt(l)ﬁfl)H }4—\/ Eitel
1<I<d 1, 1<I<d F d
WC—LOO error
® Good news ©: The grows mildly for all 0 <t < T

® Bad news ®: The WC-LOO error is no longer deterministic since we use 3;.

15/17



Control incoherence via WC-LOO analysis

=) 1) H _ ~<1>~<1>H forpr
|Ut]|200_1n<1[a<xd{H —UTR )l,.H}—i_lrglaé(d{ Ue = U Hy F}+ d

WC—LOO error

® Good news ©: The grows mildly for all 0 <t < T
® Bad news ®: The WC-LOO error is no longer deterministic since we use 3;.

® Good news ©: 3, is an 7 x 7 small matrix. Hence, we can use a dynamic covering
trick to bound the deviation uniformly. The price is to increase the sample
complexity by a poly(r) factor.
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Take-home message

® GD with small initialization converges to the ground truth without any explicit
regularization.

® |t achieves nearly optimal sample complexity and computational complexity.

® We propose a powerful tool called weakly-coupled leave-one-out analysis, which can
decouple the statistical correlation between algorithm and training dataset in the

nonconvex regime.
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